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Given n discrete observations of a homogeneous diffusion process with a
piecewise constant diffusion coefficient containing one point of discontinuity
ρ0, we study the semiparametric problem of estimating its ’change in space’-
point ρ0 in the high-frequency setting. We establish a lower bound for the




be a homogeneous stochastic differential equation (SDE), with a Wiener
process W , and a diffusion coefficient σ of the form
σ(x) = σα0,β0,ρ0(x) =
{
α0 if x ≤ ρ0;
β0 if x > ρ0
(1.2)
with α0, β0 > 0, α0 6= β0, and the point of discontinuity ρ0 ∈ R. Subse-
quently, we refer to ρ0 as ’change in space’-point in order to distinguish it
from the classical change-point where the structural break occurs in time.
As σ−2 is locally integrable, there exists for every initial distribution µ a
weak solution of (1.1) which is unique in law Engelbert and Schmidt (1985).













X0, XT/n, X2T/n, . . . , XT
)
.
In case σ = σα,β,ρ, the transition density, that is the solution of the Kol-
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for y ≤ ρ < x.
Note that the transition density is highly non-differentiable in the parameter
ρ of interest.
2. Main result.









n3/4 |ρˆn − ρ0| > η
)
> 0.
Proof. For simplicity of the proof we assume, that the diffusion starts in
the ’change-in-space’ point X0 = ρ. We prove the lower bound by reduction
on two hypotheses and bounding the corresponding Kullback-Leibler diver-
gence, see the Kullback version of Theorem 2.2 in Tsybakov (2009). For this










r : n3/4|ρ− r| ≤ η
}
.
Due to the four different regimes of the transition density, the expression is










































































































































































































































separately, a subtle combination of parts of the last four terms seems nec-
essary to achieve the final goal. Without loss of generality, we may assume
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α > β. The analysis is structured as follows. In Subsections 2.1 – 2.4, bounds
on the first five summands are deduced separately. In Subsections 2.5 and 2.6





















0 ≤ (r −Xk)(r −Xk−1)
⇐⇒ exp
(


























































































































































































































































































































































































































































































































































































k − 1 .
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k − 1 .
For ρ− r ≤ 2n−3/4 = 2∆3/4 and summing over k, we get the same bound as












































































k < ∞. The terms L(4)k and
L
(5)








































































































































































we use the following expansion
f(ρ) = f(r) + (ρ− r)f ′(r˜)
for some r ≤ r˜ ≤ ρ, where
f ′(r˜) = 2
α− β
α+ β































































































































Observe that this term is negative, it will be used to compensate another
term. As concerns L
(6.2)
k , note first that because of x, y ≤ r we have














































































(y − 2r + x)2 − 2(y − 2r˜ + x)2 = −(y + x− 4r˜ + 2r)2 + 8(r˜ − r)2
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k can be treated as L
(6.2)
k . Moreover, for some ρ ≤ r˜ ≤

























































(2ρ− r − x) 1√
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we use the following expansion
g(ρ) = g(r) + (ρ− r)g′(r˜)
for some r ≤ r˜ ≤ ρ, where
g′(r˜) = −2α− β
α+ β
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Observe that this term is negative, it will be used to compensate another
term. As concerns L
(7.2)
k , because of x, y > ρ > r
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This term can be treated as L
(6.2)
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